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Use of Arc-Length Method for Capturing Mode Jumping
in Postbuckling Aerostructures

Marco Cerini* and Brian G. Falzon®
Imperial College London, London, England SW7 2AZ, United Kingdom

The arc-length method has become a widely established solution technique for studying nonlinear structural
behavior. By augmenting the set of nonlinear equilibrium equations with a constraint equation, which is a function
of both the displacements and load increment, it is capable of traversing limit points. Numerous investigations
have shown that highly nonlinear behavior such as sharp “snap-backs” can still lead to numerical difficulties.
Two practical examples are presented to assess the effectiveness of this solution technique in capturing secondary
instabilities in postbuckling structures, which present themselves as abrupt mode jumps. Although the first example
poses no special difficulties, in the second case the nonlinear procedure fails to converge. An improvement to
the method’s formulation is suggested, which accounts for the residual forces that are usually neglected, when
proceeding to the next increment once convergence is reached on the current increment. The choice of a correct
load increment at the first iteration, within a predictor-corrector scheme, is central to the method’s effectiveness.
Current strategies for a choice of this load increment are discussed and are shown to be no longer consistent with
the modified formulation; therefore, a new approach is proposed.

Introduction

HE dominant form of airframe construction is characterized by

a thin skin, which primarily acts as a membrane and forms the
aerodynamic surface, stabilized under compression by the use of
stiffeners or stringers. Experimental investigations on metallic and
carbon-fiber composite stiffened panels, loaded in uniaxial com-
pression, have shown the ability of these panels to support load
beyond the initial buckling of the skin.'~® Hence, it is generally
accepted that stiffened aerostructures can be designed to support
load beyond buckling. This design philosophy has been adopted
for metallic airframe construction where certain structural compo-
nents are allowed to buckle between the design limit and ultimate
loads. Such postbuckling designs are at least 10% lighter than their
nonbuckling counterparts. Indeed, internal structural components,
which do not have a significant bearing on the aerodynamic surface
properties, can be designed to buckle below the design limit load.
A postbuckling design philosophy has yet to be widely adopted in
the design of composite airframes. This is primarily because of the
relatively low through-thickness strength of composite laminates,
which makes stiffened structures prone to premature skin-stiffener
debonding in cocured or secondary-bonded structures.

A further complication also arises. Various experimental stud-
ies have shown that when these panels are loaded beyond their
initial buckling loads they can undergo a secondary instability re-
sulting in an abrupt mode-shape change. At high loading, these
sudden changes can release enough energy to cause damage on
first occurrence.” Bushnell et al.® have shown that even though a
mode jump might involve only a small change in potential energy, it
generates large-amplitude oscillating stresses with significant stress
reversal. This can give rise to fatigue problems if it occurs often
or can lead to delamination.’ It thus becomes clear that the design
of postbuckling structures must include the analytical capability of
capturing these secondary instabilities.
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The arc-length method has been widely used in recent years to
model highly nonlinear behavior. This paper provides a systematic
treatment of the use of the arc-length method to capture mode jump-
ing. The method is based on augmenting the system of nonlinear
equilibrium equations with an additional constraint equation that
limits the increment to an arc length which is a function of both the
incremental displacements and incremental load. Two examples of
arc-length analyses of postbuckling shell structures are presented in
order to investigate the capabilities and robustness of the method in
detecting mode jumps. Both the general case of a simply supported
rectangular plate made of isotropic material and the more special-
ized case of a composite stiffened panel are considered. These two
examples also highlight some drawbacks of the nonlinear solution
technique.

In standard formulations, the predictor and subsequent cor-
rectors are determined with different sets of equations, mainly be-
cause the predictor is considered as the tangential solution from
an equilibrium state, whereas the starting point in correctors is a
nonequilibrium state. It is shown, however, that this established
practice of ignoring the residual in proceeding to the next increment
once the current increment has achieved convergence within a set
tolerance can prevent convergence near sharp limit points. The rea-
son for this failure is explained in detail and demonstrated by means
of a numerical example.

Central to the arc-length method’s effectiveness is the ability to
choose an incremental load parameter that does not double back on
itself where the solution converges to previously computed points
on the equilibrium path. Current techniques available for a suitable
choice of load increment are discussed. It is shown that they are not
consistent with a predictor accounting for the residual force, and
therefore a new approach is proposed.

10—13

Arc-Length Method

In structural analysis where the applied load varies very slowly
and entails slow changes of configuration, it is possible to neglect
viscous and inertia forces. This situation is usually referred to as
a quasi-static condition. Under quasi-static conditions the nonlin-
ear response of a discretized structural system can therefore be de-
scribed by the following equilibrium equation:

gu.r) :=fw—r=0 (1
where g represents the residual force vector, expressed as the differ-
ence between the internal force vector f, function of the displace-
ment variables u, and the external force vector r.
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Fig. 1 Riks and Crisfield arc-length methods.

The continuous sequence of equilibrium states corresponding to
a continuous variation of load traces out an equilibrium path in
the displacement-load space. If the undeformed state belongs to an
equilibrium path, this is also called the fundamental path. When the
intensity of the load is controlled by a single parameter A that mul-
tiplies a fixed load vector r, such that r = Ar, and the configuration
space has dimension NV, an equilibrium path can be regarded as a line
in a space of dimension N + 1, and the residual force as g = g(u, 1).

Arc-length methods, first introduced by Wempner'® and Riks, !4
are able to trace an equilibrium path by means of a predictor-
corrector (or incremental-iterative) procedure. Starting from a
known equilibrium configuration (u,, A,) obtained at increment 7,
as shown in Fig. 1, an estimate for a subsequent equilibrium point
on the curve is determined as the tangential solution, which lies at a
prescribed distance Al from the current position. By means of fur-
ther Newton iterations, this initial estimate can be improved in order
to match a desired tolerance. Arc-length methods, therefore, typi-
cally combine the equilibrium equation (1) with a path-constraint
equation that fixes the step size of each increment.

Wempner and Riks techniques are very similar because both make
use of a linear constraint. If (6u}, §A7) is the tangential direction at
the beginning of an increment and it is normalized as follows:

sl - sul + (537)" = 1 @)

The path constraint suggested by Riks is a hyperplane orthogonal to
(8uy, 8A7). At the predictor stage, which is the first iteration within
an increment, combining the linearization of the equilibrium path
about the current equilibrium state with the constraint suggested by
Riks, yields the following system:

og g

=3 =51, =0 3

u 1+ ar ! ®)
Sul - Suy + SATSA = Al “

where éu, and §X, are predictor changes in the current increment
and Al is the prescribed arc-length increment.

Unlike a predictor, where a linearization of the equilibrium path is
considered, corrector iterations aim at minimizing the residual force.
Therefore the residual force about the current nonequilibrium state
is linearized and equated to zero:

) )
gu+du, A+561) ~g(u, L)+ —g8u + —g(SA
ou A

=g+ K du—rér=0 (®))]
Here K, is the tangent stiffness matrix of the system, and use has
been made of the equivalence:

_ || _|%
K = |:8u:|_|:8u:| ©)

The following system combines Eq. (5) with Riks constraint:

g g

su+ Sen=— 7
o g M
Suy - Su+ 80 8A =0 8)

and its solution yields the corrector changes du and §A.

Because the predictor is tangential and therefore (Su;, dA;) =
Al(duy, §17), Eq. (4) is in fact a quadratic equation and is very
similar to Crisfield’s predictor, which is illustrated next. Riks also
describes a method to establish whether a critical state is a limit or a
bifurcation point and shows how to determine the equilibrium path
past a bifurcation point that exhibits one single zero eigenvalue.'!

Crisfield’s method!? differs from the preceding one in that a
quadratic arc-length constraint is employed also for corrector it-
erations. The following equation is adopted for the predictor:

a@uy, 8xy) == (Suy - duy + Y?o0F - F) — AP =0 (9)
and similarly for correctors:
a(Au+Su, AL+ 6861)=0 (10)

where Au and AX are the cumulative changes in the current in-
crement accounting for the predictor and all previous correctors.
Equations (9) and (10) both trace a hypersphere of radius Al and
centered at (u,, A,). When the contribution of the external force r
is neglected by setting the load-scaling parameter i to zero, the
method is referred to as cylindrical.

If the quadratic equation (10) is linearized as follows:

9
i(sx = (1)

da Su+
u 0

and combined with Eq. (7), the following linear system is obtained:

Su B K[ —r B 8 12
sh| T | 244 2AAy%F - F a (12)

This system results in an augmented bordered stiffness matrix,
which is neither symmetric nor banded, hence not directly amenable
to usual finite element solvers. Using an alternative approach sug-
gested by Batoz and Dhatt,’® from Eq. (5) du is expressed as a
function of §A and split into two parts:

Su = 8it + St (13)

where dut=—K;!g is the iterative change arising from a load-
control Newton-Raphson technique and & =K, 'F is the displace-
ment from the fixed loading . The two solutions can then be found
simply by solving the quadratic scalar equation in §A obtained af-
ter substitution of relation (13) into constraint (10). Following this
approach, only the standard banded and symmetric stiffness matrix
K, needs to be inverted.

Whenever a quadratic constraint is adopted, a criterion to select
either solution is required. Various criteria have been suggested in
the literature, which differ for predictor and correctors. For corrector
iterations, the authors have found that the criterion suggested by
Hellweg and Crisfield!® proved very reliable even in the presence
of sharp snap-back behavior. This method involves selecting the
solution that yields the smaller residual norm:

8h =0X; < llgu:, Al < llg(u;, 2| 14

where subscripts i, j refer to either solution of the quadratic con-
straint and u; =u + Au + Su; and A; = A + AL+ 8.

Predictor criteria usually assume that the two solutions in §A are
equal and opposite in sign (Fig. 2). Indeed from Eq. (3) du; can be
expressed as

Su; =K 'Féh =0 dhy (15)

In particular, when the cylindrical method is adopted (¥ = 0), from
predictor constraint (9), the two solutions for the load increment
become

8 =%Al Va0 (16)

Crisfield'? suggests setting the sign of §1; in the predictor to follow
the sign of the tangent stiffness matrix determinant:

sign(§A,) = sign(|K,|) 17
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Fig. 3 Normal flow iterate for a one-dimensional system.

De Souza and Feng,!” alternatively, suggest the use of the sign of
the internal product between the incremental displacement resulting
from the previous increment Au, and the current tangential solution
u:

sign(8x,) = sign(Au,, - ) (18)

Itis further claimed that, using this relationship, the arc-length algo-
rithm is able to overcome bifurcation points. However, whereas limit
points can be generally dealt with by an arc-length technique without
any additional computations, bifurcation points require knowledge
of the eigenvectors of K, corresponding to the eigenvalues that be-
come zero at that critical state, in order to determine the secondary
path that has to be followed thereafter. A technique for dealing with
bifurcation points characterized by one single zero eigenvalue is
described by Riks.!! The effect of various criteria on Crisfield’s
arc-length method has been investigated by the authors,'® and some
examples are provided in the following sections.

Another method worthy of note is known as the normal-flow al-
gorithm: it was introduced in structural mechanics by Fried'® and
was recently investigated by Ragon et al.'” as a valid alternative
to Riks and Crisfield’s techniques. Provided a predictor solution
is determined with any of the preceding methods, the normal-flow
algorithm seeks for the shortest path that leads back onto the equi-
librium path, without the need for a specific trajectory constraint.
With reference to Fig. 3, the shortest iterative change that tends to
displace the system from a state with g =g to a state with g =0 is
also orthogonal to the line g = g;, where the set of lines

g, A) =g (19)

with varying g is known as the Davidenko flow. If (su*, 61*) is a
vector tangent to the line g =g, in the current state, the additional
equation used in a corrector to constrain Eq. (7) is

(Bu*, 8A) - (Bu, 8A) =0 (20)

Arc-length methods can also be useful for the solution of problems
that are not strictly quasi-static, as for example when a structure,
albeit subject to a slowly changing load, undergoes a fast dynamic
change of configuration. This is the case of snapping structures,
as a shallow arch or shell with lateral load. In these cases there
exists an unstable equilibrium path that connects the two stable
configurations before and after a dynamic event, and that is the
reason why an arc-length method can be successfully employed.
Once the full equilibrium path has been traced, it is possible to assess
whether a branch is stable or unstable and where the dynamic events
take place. The behavior of the system during the dynamic phase,
however, remains largely unexplored. It has also been suggested’
that there might be cases in which a dynamic event occurs under
quasi-static loading conditions, but a continuous equilibrium path
leading to the postcritical configuration does not exist.

Isotropic Plate Loaded in Uniaxial Compression

The arc-length method is employed to study the postbuckling
behavior of a rectangular aluminum plate under uniaxial compres-
sion, which Stein investigated in his seminal work.! An aluminum
panel was divided into 11 bays by knife edges, in order to obtain, in
the central bay, boundary conditions resembling the ones shown in
Fig. 4. The loaded edges were compressed “flat ended” between the
platens of a hydraulic testing machine, which resulted in clamped-
end conditions. The test was set up such that the nonloaded edges of
the central bay were simply supported and remained straight but free
to move in plane. The experimental load-shortening curve is given
in nondimensional form in Fig. 5. Changes in buckle pattern were
detected and are shown as load drops on the curve. The changes
occurred abruptly, and the mode shape was observed to go from five
to six to seven to eight half-waves.

Stein’s experiment on the aluminum plate has been considered by
numerous authors as a benchmark to validate analytical or numerical

B.C. on loaded edges:

w=20

W’y=0
V}x=0
u’y=0

B.C. on non-loaded edges:
w=0 zero deflection
W xx =0 zero moment
uy=0 uniform displ.

vV x =0 zero shear stress
)

Fig. 4 Mathematical model of Stein’s test on an aluminum plate.
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nondimensional load

nondimensional end-shortening

Fig. 5 Experimental load-shortening curve of Stein’s test. (The num-
ber m of half-waves is shown.)



684 CERINI AND FALZON

methods.”?°=23 As will be apparent from the results of the analysis,
arc-length control is essential in a quasi-static analysis because of
the presence of sharp snap-backs in the equilibrium path.

The analysis was carried out using the commercial finite element
package LUSAS,?* which implements the cylindrical formulation
of Crisfield’s arc-length method. The tangent stiffness determinant
criterion [Eq. (17)] was adopted for predictor iterations and the
minimum residual norm criterion [Eq. (14)] for correctors. An initial
geometric imperfection was added to the finite element model of the
flat plate in order to eliminate bifurcations. After running a linear
bucking analysis to determine the eigenvectors a; of the undeformed
configuration, the imperfection w, was set as a linear combination
of the first two eigenmodes:

wo = ah (a; + as) 21

where £ is the plate thickness and o was set to 0.01. Only one eigen-
mode would be required to remove the first bifurcation point cor-
responding to primary buckling; however, either a pure symmetric
or antisymmetric imperfection would not avoid secondary buckling
bifurcations because a new buckle could equally stem from either
side of the plate. Therefore the sum of the first, symmetric, and the
second, antisymmetric, eigenmode was chosen to obtain an asym-
metric initial imperfection.

The plate was modeled with quadrilateral semi-Loof shell
elements,” which can undergo large displacements and rotations
using a total Lagrangian formulation. The isotropic material was
considered linear elastic. The employed finite element package does
not provide a suitable method to impose the experimental bound-
ary conditions along the nonloaded edges in the presence of large
displacements. Therefore in order to constrain these lateral edges
to remain straight but free to move in-plane, fictitious beam ele-
ments with high in-plane bending stiffness but negligible torsional
and axial stiffness were added along each edge.

The load-shortening curve obtained with this analysis is shown in
Fig. 6. The model buckled into five half-waves (Fig. 7a) as observed
in Stein’s experiment, at the load of 13.6 kN, which is in excellent
agreement with the experimental buckling load of 13.7 kN. The
analysis could also predict the first mode switch into a six-half-
wave configuration (Fig. 7b), but then failed to converge at the next
critical point. The load-shortening curve is in good agreement with
the experimental data within the elastic range, even if the numerical
load level at which the mode jump occurs is 15% lower than the ex-
perimental one. A similar gap between experimental and numerical
mode-switch load was observed in the analysis of the same problem
carried out by Riks et al.” using a different technique. An investiga-
tion into the effect of the imperfection amplitude on mode switching
showed that, considering the imperfection given in Eq. (21) with a
range of values 0.001 <« < 0.1, the variation of the load of the
captured mode switch was within £4% of the load shown in Fig. 6

In the numerical results shown in Fig. 6, the two stable branches
after buckling correspond to the deformation modes with five and
six buckles respectively, the amplitude of which grows evenly with
increasing load. These branches are connected by an unstable equi-
librium path (the snap-back phase), along which a new buckle stems
from a loaded edge.

Blade-Stiffened Composite Panel

Stiffened panels, widely used in airframe construction, are typ-
ically susceptible to mode jumping in their postbuckling regime.
Here the case of a blade-stiffened composite panel tested to failure
by Falzon et al.® is considered. The panel was manufactured from
unidirectional prepreg T800/924C with material properties as shown
in Table 1 and had dimensions of 538 x 728 mm with 2.75-mm skin
thickness. Four blade stiffeners with tapered flanges were bonded to
the skin using a film adhesive, such that the central bay was twice as
wide as the outer bays. The two edges to be loaded were first potted
in a resin and fiberglass mixture to prevent brooming, which re-
sulted in a practically clamped-end loading condition for the panel.
The panel was observed to buckle in a four half-wave mode shape
(Fig. 8a) at 105 kN and subsequently underwent a dramatic mode

Table1 Material properties for T800/924C
unidirectional composite

Property Value

Longitudinal tensile modulus 162 GPa
Longitudinal compressive modulus 145 GPa

Transverse tensile modulus 9.2 GPa
Transverse compressive modulus 9.5 GPa
In-plane shear modulus 5.0 GPa
Poisson’s ratio 0.3 GPa
Longitudinal tensile strength 2.7 GPa

Longitudinal compressive strength  1.65 GPa

Transverse tensile strength 55 MPa
Transverse compressive strength 225 MPa
In-plane shear strength 100 MPa

35 T
25 o ST S
- Sl
©
o
T 2
=
.S
(2]
c
[
E15 r
e}
c
o
< a
] 4
/
/
/
/
/
/
05 i [
Experimental -----
; ; ; ; FE ——
0 i i i i I 1
0 1 2 3 4 5 6 7
a) nondimensional end-shortening
15 -
2
14 /
e} /
3 /
T 13 V7
= /
K] /
[72] (/
c /
z
£12 /
= e
S L
= ,,'
11 A A
Experimental -----
FE —
1 4 L
1 12 14 16 18 2
b) nondimensional end-shortening

Fig. 6 Numerical analysis of Stein’s aluminum plate, compared with
experimental results: a) load vs end-displacement curve and b) detail of
snap-back phase.

jump to five half-waves at 545 kN (Fig. 8b) before failing at 601 kN.
A fractographic analysis showed that damage initiated at the free
edge of the stiffener webs at midspan.

A finite element model of the panel was developed using LUSAS.
As for the preceding example, an initial geometric imperfection
equivalent to a combination of the first two eigenmodes was added
to the perfect structure, and arc-length control was employed. In
Fig. 9 the numerical load vs end-displacement curve is compared
with the experimental one, from which it can be noted that the
model was able to simulate the behavior of the real panel. The
model’s primary buckling mode had four half-waves (Fig. 10a),
which then switched to five (Fig. 10b) before reaching a limit point
at 601 kN. The failure mechanism of the model appears in the form
of overall buckling of the panel, which causes excessive twisting of
the stiffener webs at midspan (Fig. 10c). The numerical prediction
is consistent with the observed delamination of the stiffener webs,®
which precipitated catastrophic collapse. The clamped boundary
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b)

Fig. 7 Stein’s plate a) before and b) after a mode jump (symmetric
model).

Fig. 8 Moiré fringe patterns of blade-stiffened panel.
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Fig. 9 Numerical analysis of the compression test of a blade-
stiffened composite panel, compared with experimental results: a) load-
shortening curve and b) detail of snap-back phase.

conditions did not require special techniques or the use of high-
stiffness elements as in the preceding example, and the arc-length
method was able to capture the mode switch without difficulty. The
occurrence of mode jumping, however, was predicted at a 13.4%
lower load than observed experimentally.

Improvement to “Standard” Arc-Length Methods

At the end of a predictor-corrector phase, the solution that is
obtained is as close to the actual equilibrium path as the convergence
tolerance allows, but in principle does not lie on the path exactly.
There are situations in which not accounting for that residual can
prevent convergence: this is more likely to occur in the vicinity
of limit points with very sharp snap-backs, as is the case of some
mode-jumping problems in postbuckling structures.

Mode jumping is a dynamic event that is triggered when the
current configuration of a structure ceases to be stable under an in-
creasing load. The structure undergoes a dynamic jump to a different
stable configuration, allowing it to sustain higher loads. Although
this phenomenon is dynamic in nature, quasi-static arc-length pro-
cedures can be successful at detecting a new stable equilibrium path
beyond this secondary instability, provided an unstable equilibrium
branch exists that connects the two states before and after a mode
jump.

Itis apparent that, from a quasi-static point of view, a mode switch
corresponds to a secondary bifurcation of the current equilibrium
path. A method to handle problems with bifurcations, without hav-
ing to interrogate the critical points, is to eliminate bifurcations by
adding an initial imperfection. Such imperfections should be small
to reflect the likely imperfections of a real structure. In doing so,
bifurcation points are transformed to limit points, but these can be
very “sharp” because of the small imperfection size.



686 CERINI AND FALZON

Fig. 10 Deformation modes of composite stiffened panel a) after
primary buckling, b) after secondary buckling, and c) at final failure.

In the following, Crisfield’s method will be considered, but similar
concepts can be applied to other arc-length methods. A linearization
of equilibrium equation (1) that accounts for the initial residual
resembles Eq. (5) used in correctors, where predictor changes du;,
8\, replace corrector changes:

g+ K, du, —réx; =0 (22)
Expressing du; as a function of §A;:

and substituting into the predictor constraint (9) yields the scalar
equation

a8\ + aydhi +a3 =0 (24)
where
a=a-u+vr-r (25)
a, =20 - 5it (26)
ay = 8it - 8it — AI? 27

If S = — K, 'g is neglected, coefficient a, becomes zero, and with
¥ =0 the solutions §1, are given by Eq. (16). Itis not generally true,
however, that both predictor solutions will have opposite signs, if the

Fig. 11 Effect of residual force on predictor solutions near a limit
point.

u

Fig. 12 Failure of spherical arc-length method at a limit point.

residual within the convergence limit is not discarded between in-
crements. This is illustrated in Fig. 11 for a one-dimensional system
under spherical constraint.

In Fig. 12 it is shown how an arc-length method can fail near a
limit point. If A is a converged solution and the residual force is
not accounted for in the predictor, the equilibrium path follows A-B
rather than A-B’, where the residual at B is still within the tolerance.
When g becomes larger than the set tolerance (point C) and a second
iteration is required, the arc-length constraint no longer intersects
the equilibrium path, and any arc-length size reductions would be of
no use. In the more general case of a multidimensional problem, it
can be inferred from Eq. (23) that the direction of the displacement
increment in the vicinity of a limit point, that is, when §A; &0, is
almost entirely dependent on the residual g. If this is neglected, the
algorithm might not be able to find a direction along which conver-
gence is achieved, despite several step reductions being carried out.
A numerical example demonstrates this case in the next section.

A consequence of including g in the predictor is that predictor
criteria based solely on the sign of §1; are no longer suitable. The
new criterion suggested here differs from the traditional ones in that
it aims to find the solution that doubles back, rather than the one that
goes forward, as itis considered easier to identify because itis almost
equal and opposite to the preceding increment. Once identified, it is
rejected, and the other solution is retained. Considering only the
displacement space, the unit vector of the predictor corresponding to
either solution 1, is subtracted from the unit vector of the preceding
converged increment. The Euclidean norm of the resultant should
be approximately two for the solution that doubles back; therefore,
the load factor increment that gives the smaller value of such norm
is chosen:

- (28)
Aupll 8w

H Au, Su, H
In agreement with Crisfield’s work,'? the load terms controlled by
¥ have not proved necessary. Nevertheless, when their contribution
was accounted for, the following scaling parameter was successfully
employed:

¥ =1/||diag(Ke) |l (29)
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Here ¢ is given the dimension of the inverse of a stiffness, in order
to make load and displacement terms comparable in magnitude. As
a reference scalar stiffness value for the structure, the Euclidean
norm of the main diagonal of its initial elastic stiffness matrix is
used, being K =K, (u =0).

Simple Bar-Spring Model

To better understand some of the difficulties encountered in the
application of arc-length methods to the study of mode jumping,
the simple model of Fig. 13, originally proposed by Stein,?® was
chosen. Despite the small number of degrees of freedom, this system
exhibits all of the main features of a postbuckling plate undergoing
mode jumping, and an analytical solution proposed by Stein?® is
also available.

The structure consists of three rigid bars that are initially aligned,
connected to each other by linear torsional springs with rotational
stiffness C and laterally supported by nonlinear extensional springs.
The restoring force on the extensional springs is proportional to the
cube of their extension, and their stiffnesses are denoted by K and
K, as shown in Fig. 13. By analyzing the total potential energy of
this system Stein determined all possible equilibrium configurations
and the relevant ranges of stability, and concluded that, during a
loading process, the current equilibrium configuration is maintained
until it becomes unstable, at which point the structure seeks for
another stable equilibrium configuration. Stein also investigated the
effect of an initial geometric imperfection and provided solutions in
the case of a symmetric and an asymmetric imperfection.

The analytical study showed that the column buckles in a sym-
metric half-wave mode with w; = w, (Fig. 14a), which becomes un-
stable at an end-displacement A =4C /> K ; at this point the struc-
ture snaps to a stable antisymmetric configuration with w; = —w,
(Fig. 14b). The transition between these two modes occurs along an
unstable equilibrium path, which in the displacement space has the
elliptical form:

3K (wy 4+ wa)? + 16(w; — wy)? = const (30)

A finite element program was developed to obtain a numerical
solution through arc-length control. The finite element program can
model a structure of truss elements that are considered axially de-
formable; elements can be connected to each other by means of
linear rotational springs and supported by nonlinear extensional
springs applied either at an end node or at the midpoint of each
truss. The restoring force of each extensional spring can be given an
arbitrary cubic function of its extension. The program uses Green—
Lagrange strains and total-Lagrangian formulation to allow for large
displacements and rotations.

k 31

Fig. 13 Three-bar column connected by linear rotational springs and
laterally restrained by nonlinear extensional springs.

a)

b)

Fig. 14 Stable postbuckling deformation modes of three-bar column.

The three-element column with stiffness ratio K;/K =1 was
modeled using this finite element program. To eliminate bifurca-
tions, a slightly asymmetric initial imperfection was added, with am-
plitude wy o =0.1001,/(C/KI?), wy o =0.1,/(C/KI?). The truss-
elements axial stiffness was set very high (10° K) for simulating
rigid bars. As a consequence, the configuration of the finite element
model can be considered almost fully determined by the transversal
displacements w; and w,, analogous to the analytical model. Both
the standard predictor in Eq. (16) and the improved predictor in
Eq. (24) were applied.

Using the improved predictor and corresponding criterion
[Eq. (28)], the full equilibrium path was obtained, as shown in
Fig. 15 in a displacement-load space. As for the analytical perfect
model, the equilibrium path is characterized by three postbuckling
phases. In the first phase, after buckling the structure bends in a
symmetric mode (in the plane w; = w,), up to a limit load. The sec-
ond phase is a transition from the symmetric to the antisymmetric
mode (w; = —w,) and is an unstable branch because the load factor
decreases; during this stage, the displacement coordinates describe
a curve in the (w;, w,) space that is almost elliptic. In the third
phase the structure progressively tends to assume the antisymmet-
ric configuration, moving along a stable branch. The equilibrium
path is qualitatively the same as that shown by Everall and Hunt?’
for struts and plates, where w; and w, are replaced by the ampli-
tudes of the two modes before and after a mode change. The load vs
end-displacement curve shown in Fig. 16 highlights the snap-back
behavior of Stein’s system.

The use of the standard predictor causes the incremental proce-
dure to fail in the vicinity of the limit point, as shown in Fig. 17.
Here predictor and corrector steps performed by either procedure
near this critical state are shown. Whereas the improved predictor
is able to overcome the limit point simply by reducing the step arc
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Fig. 15 Equilibrium path of Stein’s three-element column.
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Fig. 16 Load-shortening curve of Stein’s column.
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Fig. 17 Equilibrium path traced by standard and improved algo-
rithms around a limit point.

length when necessary, the traditional predictor is unable to find
the correct direction, even if several step reductions are performed.
In particular it is noted that, despite the almost identical configura-
tion that either technique achieves at the turning point, the predicted
direction of increment is totally different.

Conclusions

The arc-length method can be a useful tool for gaining insight
into the postbuckling regime of a structure, in particular when mode
changes are likely to occur. Although mode jumps often manifest
themselves as abrupt dynamic phenomena, in some cases the use of
the arc-length method for solving the relevant quasi-static numer-
ical problem has proved able to predict the postjump deformation
mode, by following an unstable equilibrium path after the stability
threshold of the current mode is reached, which eventually leads
to the new configuration. The analysis of a postbuckling stiffened
composite panel showed the same behavior as the relevant experi-
mental test, albeit the mode jump was predicted at a 14% lower load
level.

The use of a quasi-static procedure is considerably more efficient
in terms of computational costs when compared with a dynamic
approach. However it is not thoroughly robust, and much depends
on the nature and severity of the critical points encountered along
the equilibrium path. As the analysis of an isotropic rectangular plate
demonstrated, the arc-length method was not able to overcome the
limit point on the six-half-wave branch and therefore to predict the
subsequent switches into seven and eight half-wave modes observed
in the experiment. This failure is thought to be related with the way
the boundary condition of uniform in-plane displacement along the
nonloaded side of the plate was enforced.

The possible presence of bifurcations along an equilibrium path
has to be regarded with special attention. The arc-length method it-
self is not able to deal properly with these critical points. The proper
way to treat bifurcations requires knowledge of the critical eigenvec-
tor (or eigenvectors, in case of multiple null eigenvalues) in order to
determine the secondary branch onto which the system has to divert.
From a quasi-static point of view, a mode jump appears as a bifurca-
tion because it occurs when an equilibrium path corresponding to a
deformation mode becomes unstable after encountering a secondary
branch. By introducing geometric imperfections into the structure,
bifurcation points are reduced to limit points. For this approach to
be effective, a suitable imperfection has to be chosen, which elim-
inates all bifurcations. A drawback of this technique, however, is
that the result might depend on the imperfection employed, either
in terms of load level of jumps, or also of postjump configuration
modes, especially when there are multiple postcritical equilibrium
configurations.

Although adding a geometric imperfection can eliminate bifur-
cations, limit points that are generated in their place can feature a
very sharp snap-back, which can yield numerical difficulties and
therefore prevent convergence, as demonstrated by the analysis of a
rectangular plate and also by the simple bar-spring model undergo-
ing mode jumping. Standard formulations of the arc-length method
need to be improved to be more effective at overcoming sharp limit
points. Indeed it has been shown that an improved formulation that
accounts for the residual at the beginning of each increment enables
the capturing of mode switching in the bar-spring model, whereas
standard methods that neglect the residual fail. This improved for-
mulation invalidates the standard criteria for selecting the correct
load parameter at the predictor stage, which is essential for this
procedure’s success; therefore, a new technique was used.
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